NEW VERSION OF A GENERALIZATION OF 
INJECTIVE AND PROJECTIVE COMPLEXES 



TAHIRE OZEN AND EMINE YILDIRIM 

Abstract. Let X he a class of i?-modules. In this paper, we 
investigate A'-(f.g.)injective ((f.g.)projective) and DG-A'-injective 
(projective) complexes which are generalizations of injective (pro- 
jective) and DG-injective (projective) complexes. We prove that 
some known results can be extended to the class of A'-(f.g.)injective 
((f.g.)projective) and DG-<Y-injective (projective) complexes for 
this general settings. 



1. Introduction 

Throughout this paper, R denotes an associative ring with identity 
and all modules are unitary. Let X he a. class of R-modules. An 
i?-module E is called A'-injective (see j5j), if Ext^{B /A, E) = for 
every module B/A G X or equivalently if E is injective with respect 
to every exact sequence — )■ A — )■ i? — )■ B/A — )■ where B/A G X. 
Dually it can be defined an A'-projective module. In section 2, we de- 
fine A'-(f.g.)injective, A'-(f.g.)projective, DG-Af-injective and DG-X- 
projective complexes which are generalizations of injective, projective, 
DG-injective and DG-projective complexes (see [1]) where f.g. abbre- 
viates finitely generated. By we know that (e, DG-injective) is 
a hereditary cotorsion pair and this cotorsion pair has enough injec- 
tives and enough projectives where e is a class of all exact complexes. 
We give some sufficient conditions that (£:;f ,DG-A:'-injective) is also 
a hereditary cotorsion pair where is a class of all exact complexes 
whose kernels are in X and what [3] denotes X and calls A'-complexes. 
We prove that e^^i'^Sx) = DG-A'-injective(projective) if X is exten- 
sion closed and moreover if X is the class of finitely presented modules 
and {X, X-^) is a cotorsion pair, then (£:;t',DG-A'-injective) is a cotorsion 
pair and at the same time if X is closed under taking kernels of epics, 
then DG — X — injective He = Sx-injecUve ^ — f -g -injective). 
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In the last section, we will investigate when a complex has an exact 
C(A'-(f.g.)projective((f.g.)injective))-precover(preenvelope). We know 
that an injective (projective) complex is exact. Moreover we give some 
conditions that an A'-(f.g.)injective ((f.g.)projective) complex is exact. 
Since every complex has an injective and projective resolution, we can 
compute the right derived functors Ext^{X,Y) of Hom{—, — ) where 
Hom{X, Y) is the set of all chain maps from X to Y. Moreover 
'Hom{X, Y) is the complex defined by 'Hom{X, F)„ = np+q=n Hom{ 
X_p,Yq). (See for more details and the other definitions [I] , [2] , [6] ) . 

2. Af-INJECTIVE AND A'-PROJECTIVE COMPLEXES 

We begin with giving generalized definitions. 

Definition 2.1. Let X be a class of R-modules. A complex C : . . . — > 
C"~^ — > C" — > C"'^^ — > . . . is called an X* — {cochain) complex, 
if E X for all i E A complex C . . . . — > C„+i — > Cn — > 
Cn-i — > . . . is called an X* — (chain) complex, if Ci E X for all 
i E'L. The class of all X* — complexes is denoted by C{X*). 

We recall that a complex J is a finitely generated complex if every 
/" is a finitely generated module and J is a bounded complex. Then 
we can give the following definition. 

Definition 2.2. A complex C is called an X-(f.g.)injective complex, 
if Ext^(Y/X,C) = for every (f.g.)complex Y/X G C{X*). Equiva- 
lently, a complex C is an X-(f.g.)injective complex if for any exact se- 
quence 0^ X ^Y ^ Y/X with a (f.g.)complex Y/X e C{X*), 
the sequence Hom(Y, C) — )■ Hom{X, C) — )■ zs exact. 

Dually we can define an X-(f.g.)projective complex. A complex C 
is called an X-(f.g.)projective complex, if Ext^{C,X) = for every 
(f.g.) complex X G C{X*), or equivalently a complex C is an X- 
(f.g.) projective complex if for any exact sequence — )■ X — )■ A — )■ 
5 — i- with a (f. g.) complex X G C{X*), the sequence Hom{C, A) 
Hom{C, B) — 7- exact. We denote the class of all X-(f.g.)injective 
(f.g.)projective) complexes by C(X-(f.g.)injective((f.g.)projective)). 

Definition 2.3. Let e be the class of exact complexes. Then we can 
define ex such that ex is the class of exact complexes with kernels in 
X. 

Example 2.4. If P is an X — projective{X — injective) module, 
then P : ... — ^ — > P — > P — ^ — ^ — > ... is an X - 
{f.g.)projective{X — [f .g.)injective) complex. Moreover any direct 
sum (product) of X — {f.g.)projective {X—{f.g.)injective) complexes is 
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again X — {f.g.)projective{X — {f.g.)injective). Since C(X-(f.g.)injec- 
tive((f.g.)projective)) is closed under extensions, every bounded exact 
complex F:...0— )■...— J-y""— 7-0... with kernels X -injective (pro- 
jective) module is in C(X-(f.g.)injective((f.g.)projective)). 

Since every left (right) bounded exact complex with kernels X-injecti- 
ve(projective) module is an inverse (direct)limit of bounded exact com- 
plexes with kernels X-(f.g.)injective(projective) module, then every left 
(right) bounded exact complex with kernels X -injective (projective) mod- 
ule is in C(X-(f.g.)injective((f.g.)projective)). 

If X is a class of finitely presented modules, then since every ex- 
act complex with kernels X -injective module is a direct limit of left 
bounded exact complex with kernels X -injective module, every exact 
complex with kernels X -injective module is in C(X-f.g. injective), that 
is ex-injective ^ C{X - f.g.iujective). 

Moreover if X — injective C X, then every ex-injective complex is a 
direct sum of injective complexes the same as injective complexes and 
similarly if X — projective C X , then every ex-projecUve complexes 
is a direct sum of projective complexes. Then Sx-injective(projective) Q 
C{X — inj ective{proj ective)) . 

Notice that if P is an A'-injective(A:'-projective) module and P is 
not in the class X, then P is an A"- (f.g.) inj ective complex, but not an 
A'*-complex. So A'-(f.g.)injective ((f.g.)projective) complex may not be 
an A'*-complex. 

Lemma 2.5. Let X be an X — injective complex such that e 
C{X*) (or ^ & C{X*)) where E(X) is an injective envelope of X. 
Then X = -E'(X) and so it is an injective complex. (X is a direct sum- 
mand of Y). 

Proof. We know that every complex has an injective envelope, so X 
has an injective envelope E{X). Then E{X) is an injective complex, 
and so it is exact. We have the following commutative diagram; 

X E{X) 



idx 



X 

such that 4>i = id^. Therefore X is a direct summand of E{X). So X 
is an injective complex and hence it is exact. Similarly, if ^ e C{X*), 
then we can prove that X is a direct summand of Y. □ 
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Definition 2.6. A complex I is called DG-X -injective, if each /" is 
X-injective and 'Hom{E,I) is exact for all E E Sx- A complex I is 
called DG-X -projective, if each J" is X -projective and 'Hom{I, E) is 
exact for all E E e^- 

Lemma 2.7. Let A ^ B ^ C be an exact sequence of modules 
(complexes) where Kerfi G X (C(X* )). Then for all X-projective mod- 
ules (complexes) I, Hom{I,A) — > Hom{I, B) — > Hom{I,C) is ex- 
act. 

i 9 

Proof. By the exact sequence — > Kerd — )■ B — )■ C, — > 
Hom{I , Ker6) — > Hom{I, B) — > Hom{I ,C) is exact. We have the 
following commutative diagram; 

A -^-^ Im(3 



such that Pf = g. Since I is A'-projective module (complex) and 
Kerf3 G X lc{X*)), Hom(J, A) — >Eom{I,B) — ^Hom(J, C) is ex- 
act. □ 

Dually we can give the following lemma; 

Lemma 2.8. Let A ^ B ^ C be an exact sequence of modules 
(complexes) where G X(C(X*)). Then for all X-injective modules 
(complexes) I, Hom{C,I) — > Hom{B, I) — t- Hom{A, I) is exact. 

Example 2.9. Let I = .... — ^ — ^ /° — ^ — ^ — > ... where /° 
is an X-injective(X — projective) module. Then I is DG-X-injective 
(DG-X -projective) complex. 

Proof Let E : ... E'^ ^ ^ E' ^ E' ^ E'' ... 
be exact and Kerd"" G X, then 'Hom{EJ) = ...Hom{E'^ — > 
Hom{E^,I^) — > Hom{E^,P).... By Lemma EH]Hom(E, /) is exact. 

□ 

Lemma 2.10. // a complex X : . . . — )■ Xn+i — > Xn — > Xn-i — > 

. . . is an X -injective(X -projective) complex, then for alln E 7^ X„ is an 
X-injective(X -projective) module. Moreover if X is a class of finitely 
generated modules and X is an X- f.g. injective (projective) complex, 
then for all n E'L X„ is an X -injective(X -projective) module. 
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Proof. Let — > N ^ M he exact such that § e X and a : N ^ 
be hnear form the pushout; 

TV 



M 



X„ 



where A = {(Q;(n), —i{nj) : n G N}. By the following diagram; 

^ Xn+l ^ ^n+l " ^ 



x„ 



M ®X„ 



M 
TV 







X,. 



n-l 



n-l 











we have the exact sequence — )■ X — )■ T — > S — )■ where 
T : ... — 7> X„+2 — ^ Xn+i — )■ — )■ Xn-i--- and S : ... — )■ — > 



— )■ ^ — )■ 0.... Since X is a A' — injective complex, Ext^{S, X) 
0, and so ^ Hom{S,X) Hom{T,X) Hom{X,X) 

X„ 



Ext\S,X) = 0. Therefore there exists ^„ : 7; = 
such that /3n0n — So 

^"r(Q;(n)) = a{n) 

/5"((aH,0) + A) = a(ri) 
r((0,«) + A) = a(n) 
riniin) = a{n) 
And hence (3"'jni = So X„ is an .Y-injective module. 



X 



n— 1 



□ 



The following example shows that if X : ... — )■ X„_|_i — )■ X^ 
... is a complex such that X„ are A'-injective(A'-projective) modules 
for all n G Z, then X does not need to be A'-(f.g.) injective {X- 
(f.g.)projective) complex. 
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Example 2.11. Let R G X and X-injective module and f : R R(BR 

be a morphism such that f{a) = (0, a) and g : R ® R R he a 

morphism such that g{a,b) = a. Then gf = where g ^ 0. Let we 
have the following diagrams; 



R 



R®R 



0... 



R 



...0 



R 



R®R 



...0 



R®R 



R®R 



Then we have the diagram as follow, 




R®R 



R®R 



0... 



R 



such that gl = 0. But this is impossible. So R cannot be an X-injective 
complex. Dually, we can give an example for X-projectivity. 



Remark 2.12. There exists a module is both in X and an X-injective 
module. Let X be a class of injective modules and R be an injective 
module, then R is both in X and an X-injective module. Moreover let 
a module M be a flat cotorsion module (see Theorem 5.3.28 in p] for 
existence of such a module) and X be a class of flat modules, so is M. 

Lemma 2.13. If I E e-^, then each /" is X-injective for each G Z. 
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Proof. Let S C M be a submodule of a module M with ^ e A' and 
a : S — > In be linear form the pushout; 

S M 



A 

where A = {{a{s), —s) : s & S}. Thus i2 is one-to-one the same as 
i. Then 7 : ... — > /"-^ — > 7" ©5 M — > 7"+^ — > 7"+^ — > ... is a 
complex. 







rn— 1 



rn— 1 











M 
'J 



jn+l . jn+1 ^ ^ 

Therefore, we have an exact sequence — > I — > I — > E — > where 
E : ... — )■ ^ — )■ ^ — )■ — )■ — )■ — )■ ... and so we have an 
exact sequence — > Hom{E, I) — > Hom{I, I) — > Hom{I, I) — > 
Ext^{E, 7) = since 7 G ejf. This implies that we can find / : 7 — > I 
with ff — 1. Therefore, there exists a function / : I" ®s M — > 7" 
with 7"/" = 1. So, 

rna{s)) = a{s) 
T{{a{s),0) + A)=a{s) 
Tms) + A) = a{s) 
f\ii{s) = a{s) 
and hence f^hi — ol and thus each 7" e A'-injective. 

□ 

Lemma 2.14. Let f : X — > Y be a morphism of complexes. Then 
the exact sequence — > Y — > M{f) — > X[l] — > associated with 
the mapping cone M{f) splits if and only if f is homotopic to 0. 
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Proof. It follows from [T]. □ 

Lemma 2.15. Let X and I he complexes. If Ext^{X, I[n]) = for all 
n G Z, then 'Hom{X, I) is exact. 

Proof. Since Ext^{X, I[n]) = 0, if / : X[— 1] — )■ I[n] is a morphism, 
then 0^ I[n]^ M{f) ^ X ^ splits. 

By Lemma [2 .141 / : X[— 1] — )■ I[n] is homotopic to zero for all n. So 
: X — /[ra + 1] is homotopic to zero for all n E'L. Thus 'Hom{X., I) 
is exact. □ 

In [3] the following theorem is proved in the case when (A", X^) is a 
cotorsion pair. 

Theorem 2.16. Let X he extension closed. Then Sx'^i'^^x ) = DG- 
X - injective ( projective ) . 

Proof. By Lemma 2.13 and Lemma 2.15 we have that cx^i'^^x) ^ DG- 
A'-injective(projective). Let I G DG-Af-injective. Then 'Hom{X,I) is 
exact for all X E and so for all n / : X — )■ /[n] is homotopic to zero. 
By Lemma EH A : I[n] M{f) X[l] ^ is split exact. We 
know that any exact complex i? : — )■ /[n] — )■ y — )■ X[l] — >■ splits 
at module level since the J[n]™ are Af-injective modules and X™ G X . 
Therefore the exact sequences A and B are isomorphic. It is known 
that Ext^ {C, A) = if and only if every short exact sequence — A — > 
5 — C — )■ is split. This implies that Ext^{X, I[n]) = and thus the 
converse inclusion is proved. □ 

If we use Theorem 12. 161 then we can give the following examples since 
X and ex^{^£x) are extension closed and every right(left) bounded 
complex is a direct (inverse) limit of bounded complexes. 

Example 2.17. Let X he extension closed. Then every X -projective 
(injective) complex is DG-X -projective(injective) . Every right(left) 
hounded complex I where li is an X -projective (injective) module is a 
DG-X -projective(injective) complex. 

Proposition 2.18. Let X he closed under extensions, summands and 
direct limits. If X is a precovering class containing projective mod- 
ules, then {ex, DG-X -injective) and (DG-y -projective,ey) are cotor- 
sion pairs where y = X-injective. If X is closed under taking ker- 
nels of epics and the class of finitely presented modules, then this co- 
torsion pairs are hereditary and DG-X -injectivcHe = Sx-injecUve ^ 
C{X — f .g. injective) . Moreover if C{X*) is also a covering class , 
then every complex has a monic G(X — injective) preenvelope with 
cokernel in C{X*). 
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Proof. Since X is a. precovering class containing projective modules and 
it is closed under direct limits, it is an epic covering class . By Waka- 
matsu Lemma it is a special covering class, so {X, X^) is a complete 
cotorsion pair (see [2]). If A" is closed under taking kernels of epics and 
the class of finitely presented modules, then {e^, DG-A'-injective) is a 
hereditary cotorsion pair and DG — X — injective He = Sx-injecUve ^ 
C{X — f .g. injective) by Corollary 3.13 in [3j and Example 2.4. The 
other parts are easy. □ 

Corollary 2.19. Let X he closed under extensions, direct sum and 
pure quotients and let X contain the ring R. Then {X, X — injective) 
is a perfect cotorsion pair. Thus {ex,DG-X -injective) and (DG-y- 
projective,ey) are cotorsion pairs where y = X-injective. 

Proof. By [4J ,it is closed under direct limit and summands and thus it is 
covering class containing projective modules. Then {X, X — injective) 
is a complete cotorsion pair. Since X is closed under direct limit, it is 
a perfect cotorsion theory. By Proposition 12.181 (ey. DG-A'-injective) 
and (DG-3^-projective,£3;) are cotorsion pairs. □ 

Corollary 2.20. Let X be the class of finitely presented modules and 
{X,X^) be a cotorsion pair. Then {X,X^), {sx, DG- X-injective) and 
(DG-y -projective, By) are cotorsion pairs where y = X-injective. 

Proof. Since X is the class of finitely presented modules, X^ = X — 
injective is closed under pure submodules. Moreover it is closed under 
direct product and inverse limit. So X-^ is an enveloping class by [T]. 
Since {X, X^) is a cotorsion pair, X^ is a special enveloping class with 
cokernel in X. So again by [1] {X, X^) is a complete cotorsion pair. □ 

3. C(A:'-(f.g.)projective)-precovers and 
C(A:'-(f.g.)injective)-preenvelopes 

In this section we prove that if a complex has a C(A:'-projective)- 
precover or C(A'-injective)-preenvelope in C{X*), then such precovers 
or preenvelopes are homotopic. Moreover we investigate when a com- 
plex has an exact C(Af-(f.g.)projective((f.g.)injective))- precover(preen- 
velope) and we give a condition when an A'-(f.g.)projective((f.g.)injec- 
tive) complex is exact . 

Lemma 3.1. Let f : X — > Y be a chain morphism, X is an X* 
complex and Y is an X — injective complex. Then f is homotopic 
to zero. Moreover if a complex has a G(X -injective)-preenvelope in 
C{X*), then such preenvelopes are homotopic. 
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Proof. Let id : X — > X, then we have the following exact sequence; 
X ^ M{id) X[l] 

/ 



Y 

where gi = f. Let : — > M{id)'^ be canonical injection and 
: X[l]"-i — > such that s" = g^^-H^-^ for all n G Z . Let u 

be the differential of the complex M{id). Then we have the following 
diagram as follow. 



X 



n-l 



X 



n-2 



n-l 



Y 



n-2 



n-l 



Y 



-l„n-l„-n-l 



i-l„-n-l 

n 



□ 



Lemma 3.2. Le^ / : X — >■ y a chain homomorphism such that Y is 
an X* complex and X is an X -projective complex. Then f is a homo- 
topic to zero. Moreover if a complex has a C(X -projective) -precover in 
C{X*), then such precovers are homotopic. 

Proof. Let id : Y — )■ Y and the exact sequence — )■ V[— 1] — > 
M{id)[—1] — > Y — > 0. Since X is an A" — projective complex, we 
have the following commutative diagram; 



M{id)[-1\ 








where -Kg — f. Let tt" : M(id)[— 1]" — > y[— 1]" be projection for all 
n E Then if we take as = n^g"", then for all n G Z, s^+^A™ + 
^n-i^n _ jn ^]-^g]^g \ g^j^j ^ boundary maps of the complexes of X 



and F, respectively. So / is homotopic to zero. 



□ 
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Lemma 3.3. Let X he extension closed. Let every R-module have an 
epic X -projective precover with kernel in X . Then every bounded com- 
plex in C(X*) has an epic exact C(X — projective)-precover (which is 
also in Sx-projecUve if i'^, '^^) is a complete cotorsion pair) with kernel 
in C(X*) (which is also in DG-X—projective-injective={sx-projective)^) 
Moreover if X is a class of finitely generated modules, then every 
bounded complex in C(X*) has an epic exact C(X — f.g.projective)- 
precover. Thus every bounded X — {f.g.)projective complex in C(X*) 
is exact (in £x-projective if 1 '^'^) is a cotorsion pair). 

Proof. Let Y{n) : ... ^ ^ r° -> ... F" ^ ^ ... e 

C{X*). We use induction on n. Let n = 0, then we have the following 
commutative diagram; 



D(0): 







y(o) : ... 








where P'^ — )■ y° — )■ is an A:'-projective precover in X with kernel in X 
since X is extension closed , -D(O) is exact and Ker{D{{)) — )■ F(0)) G 
C{X*). We assume the following diagram which is commutative; 

AO 



D{n) : ...0 



pO^pl 



...p 



n— 1 



pn 



(OJ") 



Y{n) : ...0 yo yi ...y" 

where is onto, D{n) is an exact C{X — pro jective) -precover of Y{n) 
such that Ker{D{n) Y{n)) e C{X*) and the P' ^ Y' ^ Q are 
A'-projective precovers in X with kernels in X for 1 < i < n. Since 
D{n) Y{ri) and P"+i are C{X - projective)- 

precovers, we have the following commutative diagram 

D{n) — ^— ^ pn+i 



Y{n) r 
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Thus we have the diagram as follow: 

AO 



D{n) : ...0 



pO 



jn— 1 



pn 



A? 



P"+i : ...0 



0... 



jn+l 



jn+1 



where s^A" = and s^A" = 0. Moreover we see that /"^^S"^ 
(^"(0, /") and f^^^s^ = by the following diagrams: 



in— I 



^pn 

(o,r) 



pn 



pn+1 

fu+l 
yn+l 



yn+1 







Y 



n+1 



Let A"(a;, = (A"(a;, y), s^(a;, ?/)), Ai+^(x, t/) = - Then we 

have the commutative diagram: 



D{n + 1) : 



y(n + 1) : ... 



jn— 1 



A" 



(0,/") 



(o,r+i) 



yn+l 



where Ker{D{n +!)-)■ F(n + 1)) G C(A'*) and since A"+ is onto, 
/m(A") = /s:er(A^+^), /m(A'^-^) = irer(A") and is exact, D{n + 
1) is exact. Therefore, Y{n) has a C(A:'-projective) precover. □ 

We know that the direct (inverse) limit of exact complexes is also exact. 
Then we can give the following. 

Corollary 3.4. Let {X , X-^) he a complete cotorsion pair. Then every 
bounded complex in C(X*) has an Sx-projecUve-pfecover. 

Lemma 3.5. If X be extension closed and every R-module has a monic 
X -injective preenvelope with cokernel in X , then every bounded complex 



0... 
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in C(X*) has a monic exact C(X -injective)-preenv elope (which is also 
in Sx-injective ^/ , ^'^) 'is a Complete cotorsion pair) with cokernel in 
C(X*) (which is also in DG-X — injective-projective=^{e x^injecUve)) ■ 
Moreover if X is a class of finitely generated modules, then every 
bounded complex in C(X*) has a monic exact C(X — f.g.injective)- 
preenvelope. Thus every bounded X — {f.g.)injective complex in C(X*) 
is exact. 

Proof. Let Y{n) : ... ^ ^ Y; ^ ^ ... ^ Fq ^ ^ .... We use 
induction on n. Let n = 0, then we have the following commutative 
diagram; 



y(0) : ...0 



E{Q) : ...0 







Eq 



En 



0. 



0... 



where ^ Yo ^ Eq is a monic prccnvclopc in X with cokernel in X 
and thus E{0) is an exact prccnvclopc of Y{0) with cokernel in C{X*). 
We assume the following diagram which is commutative; 



Yin) 



..0 



E{n) : ...0 







Er, 



\1 



Y„, 



an 



Ya 



(/n,0) 



/o 



Eq 



where the — )■ — )■ i?j are A'-injectivc prccnvclopes in X with cokernel 
in A' for 1 < i < n, E{n) is exact and cokernel {Y{n) — )■ E{n)) G 
C{X*). Since ^ F„ ^ and En+i are C(A'-injective)- 

preenvelopes, we have the following commutative diagram: 



Y 



n+l 



Y{n) 
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Then we have the diagram as follow: 

1 



n+l ■ 



..0 



n+l 



E, 



n+l 



Sn+l 



E{n) : ...0 



En ^ En ® En-l 



where s„ = A^s„+i and A„_is„ = 0. Moreover we see that (/„, 0)an+i 
Snfn+i and A^s„+i = Sn by the following diagrams: 



n+l 



/n+l 



(/n,0) 



E, 



Sn+l 



n+l 



E„ 



E, 



n+l 



En ® En-l 



Let Xl^i{x) = (x, -s„+i(a;)), \n{x,y) = Sn(x) + Ai^(y). Then we have 
the following commutative diagram: 



+ : ...0 







n+l 



Yn... 



E{n + l) : ...0 



E„ 



^n+l 



n+l 



(/n+1,0) 



-fi^n+l ® En 



(/n,0) 



-E^n ® En-l-. 



where E{n + 1) is exact and cokernel in C{X*). Therefore, Y{ri) has a 
C{X — {f .g .)injective)-pTeenvelope. □ 

Corollary 3.6. Let {X, X^) be a complete cotorsion pair. Then every 
bounded complex in C(X*) has an ex-injeciive-pf^^nv elope. 

Theorem 3.7. Let X be closed under extensions. Let every R-module 

have a monic(epic)X-injective(projective) preenvelope(precover) with 
cokernel (kernel)in X. Then every left (right) bounded complex in 
C(X*) has a monic (epic) exact C(X-injective(projective)) preenve- 
lope(precover) . 

Moreover if{X, X^) is a complete cotorsion pair, then every left (right) 



A GENERALIZATION OF INJECTIVE AND PROJECTIVE COMPLEXES 15 



bounded complex in C(X*) has a monic (epicjex-mjectiveiprojectiveypi^^- 
envelope (precover). 

Proof. Let Y : ... ^ ^ ^ ^ ... and E{n) be a C(A'-injective) 
preenvelope of Y{n) F° .... Then 

l^mY{n) = Y. By Lemma [3.5^ Y{n) has a C(A'-injective) preenvelope 
E{n) such that — )■ Y{n) — )■ E{n) is exact. Then by Theorem 1.5.13 
in [2] — l^m Y{n) — )■ l^m E{n) is exact with cokernel l^m y^ G 
C{X*). Since Ext^i^ J^im Ejn)) = where | G \im E{n) is an 

exact C(A'-injective)preenvelope of Y. The other parts are also proved 
similarly. □ 

Corollary 3.8. i)If X is closed under direct sums and extensions and 
a special precovering and preenveloping class, then every left (right) 
bounded complex has a monic (epic) exact C(X -injective(projective)) 
preenvelope (precover) where X — inj and X — proj C X . 
ii)If {X,X-^) is a complete cotorsion pair and C(X*) is closed un- 
der inverse limit, then every complex has a monic (epic) exact C(X- 
injective(projective)) preenvelope (which is in ex-injecUve{projecUve)) whe- 
re X — inj and X — proj C X . 

Proof. Since every (left (right)bounded) complex has a monic (epic) 
(left(right) bounded) C{X*) envelope (cover) under this conditions, by 
Theorem 13. 7[ Lemma 13.31 and Lemma 13.51 every (left (right)bounded) 
complex has the requires, too. □ 

Theorem 3.9. Let X be a class of finitely presented modules and be 
closed under extensions and direct limit. Let every R-module have a 
monic X-injective preenvelope with cokernel in X . Then every right 
bounded complex in C(X*) has a monic exact C(X-f.g. infective) preen- 
velope. Moreover every right bounded X-f.g.injective complex in C(X*) 
is exact. 

Proof Let Y : ... ^ Y2 ^ Yi ^ Yo ^ ^ ... and E{n) be a C{X- 
f.g.injective) preenvelope of Y{n) : ... — )■ — )■ F„ — t- ... — )■ Yi — )■ 
Yo^O ^ .... Then lm^Y{n) = Y. By Lemma EH Y{n) has a C{X- 
f.g.injective) preenvelope E{n) such that — ?■ Y{n) — )■ E{n) is exact. 
Then by Theorem 1.5.6 in [2] — ?■ lirrjY{n) — t- lirrjE{n) is exact with 

cokernel lirrjY^j ^ C{X*) . Since X is a class of finitely presented 
modules, Ext^j^, lirrjEjn)) = where ^ is a finitely presented com- 
plex in C{X*) . So lirrjE{n) is an exact C(A'-f.g.injective) preenvelope 
of Y. □ 
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Theorem 3.10. Let X be a class of finitely presented modules and 
closed under extensions and direct limits and C{X*) be closed under 
inverse limits. Let every R-module have a monic X-injective preenve- 
lope with cokernel in X . Then every complex in C(X*) has a monic 
exact C(X-f.g.injective) preenvelope. Then every X-f.g. infective com- 
plex in C(X*) is exact. 

Proof. Let Y : ... ^Yq ^ Y_i ... and Y{n) : ... ^ ^ 

lo ••• ^ F-n ^ ^ .... Then l,imY{n) = Y. By TheoremESl Y{n) 
has a C(A:'-f.g.injective) preenvelope D{n) such that Y{n) — ?► 
D{n) is monic and fgj G C{X*). So, l^imYjn) l^imDjn) is 

monic with cokernel l^im^^ G C{X*) by Theorem 1.5.13 in [2]. Since 



ExtH4j.imDin)) 



UmExtH4,D{n)) 



,^c,,^ ^yv, J — ^^u,,v^jo^ y^, ^yiojj — where ^ is a f.g. complex 
in C{X*), lim D{n) is a C(A'-f.g.injective) preenvelope of Y. □ 



Example 3.11. Let X be a class of R-modules closed under quotients, 
extensions and direct sums (so it is closed under direct limits since 
it is closed pure quotient) (for the existence of such classes, if X is 
a class of injective modules on a hereditary noetherian ring which is 
constructed in then X is closed under quotients, extensions and 
direct limits and moreover if X is the class of min-injective modules and 
simple ideals of ring R are projective, then it is closed under quotients, 
extensions and direct sums ) and A and B are in X such that : A B 
is a homomorphism. Then by Theorem 2.10 in [5], we have monic 
X — injective-preenvelopes such that f : A ^ and g : B ^ Eb 
with cokernels in X . Then there exists a homomorphism s : Ea — Eb 
such that gcf) = sf . Using Lemma \3.5\ we can determine an exact 
C(X ~ injectivej-preenvelope E{1) of complex Y (1) as follow: 



Y{1) : ...0 



E{1) : ...0 







A 



E, 



Ea®E 



B 



B 



E 



B 



0. 



0... 



where a{x) = {x, —s{x)) and f3{x,y) = s{x)-\-y. Then every left (right) 
bounded complex in C{X*) has a monic (epic) exact C(X-injective(pro- 
jective)) preenvelope(precover) by Theorem \3.1\ Moreover if C {X*) is 
closed under inverse limit, by Theorem \3.10\ every complex has a monic 
exact C(X -f.g. injective) preenvelope. 
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Example 3.12. Let X he the class of finitely presented modules and 
{X, X^) be a cotorsion pair. Then {X, X^) is a complete cotorsion 
pair. If C{X*) is closed under inverse limits, then by Corollary \3.S\ ev- 
ery complex has a monic (epic) exact C(X -injective(projective)) preen- 
velope (which is in ex~injective{projective)) where X- in j andX-proj C 
X. Moreover by Theorem \3. 7 every left (right) bounded complex in 



C(X*) has a monic (epic)ex-injecUve{projective)-preenvelope (precover) 
and by Theorem 3.10 every complex in C{X*) has a monic exact C(X- 
f.g. infective) preenvelope. 



Theorem 3.13. 

complex X' . 



A complex X is contained in a minimial X —injective 



Proof. We know that every complex has an injective envelope. Let 
S = {A : X <Z A <Z E and AX — injective complex} ^ and S' 
be a descending chain of S. We will show that n^^gs'l^a : a G /} is 
Qsv X — injective complex. Using this pushout diagram we have the 
following diagram where C with A'*-complex, 

/3 











Ar 



Y 



Br. 



C 



c 







Then the bottom row is split exact. Therefore 



r\Ar 



C — > is split exact. We have the following diagram; 







nAr 



Y 



c 











nAr 



nBr. 



c 







By five lemma (j) is an isomorphism. Therefore — y HAq, — > Y 
— > C — y is split exact. So S has a minimal element, say X' . 



□ 
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